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ABSTRACT
Fracture Control Modeling with the Finite Element Method
Jorge Alberto Pluma Reyes

This thesis investigates the feasibility and usability of the finite element method
approach in the design of crack arresting devices. Current design and manufacturing practices are improving structures’ susceptibility to fracture, in particular brittle
fracture; however, cracks in structures are still observed within their lifespans due to
severe unexpected service conditions, poor designs, or faulty manufacturing. Crack arrester systems can be added during service to prolong the longevity of structures with
sub-critical or critical flaws. Fracture properties of different specific structures under
specific services can be obtained experimentally, however, experiments are expensive
and of high complexity. Alternatively, the finite element method can reduce these factors and provide reliable solutions. Finite element analysis conducted provides insight
into the modeling process and the effectiveness of the simulation of fracture problems.
Fracture mechanics technology in conjunction with the finite element method allows
for the evaluation of the effectiveness of introducing crack arresters to a flawed structure. Additionally, the simulation of recorded crack arrester experiments alongside
analytic methods are used to verify the finite element analysis results. The work in
this thesis verifies the validity of using the finite element approach in designing crack
arrester systems for flawed structures and suggests further investigation be done with
variation in crack arrester types.

Keywords: Fracture Mechanics, Finite Element, Crack Arrest, Compact Tension,
Center Crack, Weight Function, Stress Intensity Factor
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Chapter 1
INTRODUCTION

1.1

Background

Catastrophic failure has been historically observed in cases such as the Liberty ships
during World War II. Much progress has been made since then in the field of fracture
mechanics and great knowledge has been developed to the proper design for fracture
control and prevention. Crack arresters are a viable method for the increased fracture
resistance of a structure and they are typically introduced during the design phase of
a structure or structural member. This thesis investigates the concept of introducing
crack arresters to a flawed structure to preserve the structure in service throughout
its designated life span. Particularly, this thesis studies the effectiveness of crack
arresters through the finite element method.
An example of a crack arrester can be seen in Figure 1.1, where Brauer et al.
[7] investigated fiber reinforcements as a crack arrester system. In this example a
reduction of the crack driving force on a pipe crack is achieved by the application of
a fiber wrap around the crack region.
The design and implementation of a crack arrester is based on its effectiveness
against fracture, which is dependent on its fracture properties. The fracture properties of materials can be determined from various experimental tests; however, this is
approach is costly and complex. The finite element method is an alternative approach
to determining the effectiveness of crack arrester systems. There are, however, limitations to the finite element method and these limitations must be considered when
utilizing the method.
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Figure 1.1: Fiber reinforced crack arrester implemented on pipeline. [7]

1.2

Goals and Objectives

This thesis is meant to develop a detailed understanding of how the finite element
method, particularly the Abaqus numerical solver, executes fracture mechanics problems and evaluates its effectiveness in the design of crack arrester systems.
The objective is to examine individual crack arresters and establish the proper
process in analyzing their effectiveness using the finite element method. Additional
experimental validation will be demonstrated to further solidify the validation of the
finite element method in fracture mechanics. Additionally, under appropriate linear
elastic fracture mechanics conditions, the simulations will be compared to empirical
data and analytic methods to further validate the finite element method.
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1.3

Scope of Thesis

The problems under analysis will be simplified in order to obtain a fundamental finite
element method process and a fundamental understanding of the modeling of crack
arresters. The materials under consideration will be macroscopically homogeneous,
isotropic metals. Furthermore, the modeled service conditions will consist of static
loads under an ambient environment.
In this thesis, the cracked structures modeled will consist of: the compact tension
specimen (CTS) and the center crack specimen (CCS). The crack arrester types under
investigation will be: Adhesive Patching, Bolted Patching, and Stop Drilling.

1.4

Structure of Thesis

This document describes the science behind fracture mechanics technology and its
inclusion in the finite element method; furthermore, it also discusses the process of
developing a fracture problem in a finite element analysis software and the proceeding
results. Chapter 2, Literature Review, gives a brief explanation of the science behind
fracture, crack arresters, and numerical methods. This serves to give the reader
context for Chapter 4, Numerical Analysis, which describes the process of creating a
model of the fractured specimen with a crack arrester via the finite element method
and for Chapter 3, Experimental Validation, which discusses an exsisting experimental
method of determining fracture parameters. Additionally, Chapter 3 provides data
for comparison and validation of the finite element method. Finally, the conclusions
and final remarks are given in Chapter 5, alongside insight for future work.
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Chapter 2
LITERATURE REVIEW

2.1

2.1.1

Fracture Mechanics

Introduction

Advancements in engineering has increased the use of high strength materials and
has resulted in the development of advanced techniques for stress analysis. These
advancements have allowed for improved weight saving and low margins of safety.
In theory, these advancements produce more efficient, robust, economic structural
designs; however, this all is contingent on having flawless, smooth structures. In
practice, this is not the case and when a structure consists of a complex design,
high-strength thick welded materials, a complex fabrication/construction process, or
reduced factors of safety from computer aided engineering. These structures are susceptible to fracture, particularly brittle fracture. Therefore, it is of high importance
that designs consider fracture control in addition to primary modes of failure such as
yielding or buckling. In accounting for brittle fracture, the three primary factors are:
material fracture toughness, crack sizes, and stress levels. In the proceeding sections
these factors will be discussed in further detail, in conjunction with their relationship
to ductile and brittle fracture.

Fracture States

Fracture behavior can vary depending on the service conditions of the structure at
hand. There are three different fracture states in which a structure can be: a planestrain state, a plastic state, or an elastic-plastic state. Each state performs and
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fractures differently. The fracture states are determined by the constraint and service
temperatures of the structure. Moreover, materials in structures have the ability
to transition between each state through changes in constraint and temperature.
Figure 2.1 shows this transition by establishing three different fracture states and
demonstrating a general ductile-brittle transition temperature (DBTT).

Figure 2.1: (a) Ductile-brittle transition temperature [20] (b) Ductilebrittle transition temperatures by loading condition [5]
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Figure 2.1 a) depicts the impact energy throughout a ranging temperature for a
specific loading condition. Figure 2.1 b) shows that these curves are dependent on
the loading rate of a structure. Hence, for fracture control the service loading rate
and the temperature ranges should be clear to appropriately choose the best material
option or to optimize the geometry against fracture. It should be noted that some
materials, such as high strength steels, do no experience a DBTT.
A plane-strain state describes a structure that is sufficiently constrained, and/or
a structure experiencing relatively low and high temperatures and loading rates, respectively. Here, constraint refers to the lateral constraint present in a structure,
which increases as the plate thickness increases. The surfaces of a plate always are
in plane stress, and thus exhibit shear behavior which is visible through shear lips.
Under constraint, through-thickness stresses are present and the crack tip experiences
a state of triaxiality. In a triaxial state, all three principal stresses are present and
the shearing stress is absent, which diminishes shear lip effects. In practice, a triaxial
state is approached as the thickness of a structure increases. A triaxial state results
in a reduction of the apparent ductility of the material, although material properties
remain unchanged. Therefore in an engineering sense, a structure in a plane-strain
state will fracture with brittle behavior. As previously mentioned, brittle fracture is
highly undesirable do to its catastrophic nature. Figure 2.2 demonstrates brittle fracture and the fractured surface resulting from it. The behavior of brittle failure can be
generally described by little plastic deformation and by a fracture direction normal
to the applied load. This type of behavior results in cleavage fracture, which consists
of the direct separation along crystallographic planes; this is a result of atomic bonds
breaking. This behavior is generally linked with rapid, unstable crack propagation.
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Figure 2.2: (a) Brittle fracture of metal [8] (b) Brittle cleavage fracture
surface [9]

Opposite to a plane-strain state, a plastic state describes a structure that is unconstrained and/or a structure experiencing relatively high and low temperatures and
loading rates, respectively; thus, a plastic state characterizes plane stress effects. The
loss of constraint in a structure enables the shear effect from the surfaces in plane
stress to have a higher influence on its fracture state. In other words, shear lips cover
a higher percentage of small fracture surface areas; conversely, shear lips cover a small
percentage off large fracture surface areas. Since shear lips correspond to plane stress,
a plastic state consists of a fracture surface area with a high percentage of shear lip
area (as compared to total fracture surface area). Figure 2.3 shows a decrease in shear
lip area percentage with an increase in thickness.
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Figure 2.3: Percent of shear lip area (dark) percentage from a small (left)
to a large (right) thickness [5]

A high percentage of shear lip area characterizes ductile fracture, which is highly
desired for most engineering purposes. Figure 2.4 depicts the difference between
ductile and brittle fracture, i.e. plane stress and plane-strain fracture.

Figure 2.4: Comparison of ductile (left) and brittle (right) fracture [10]

Ductile fracture can be generally described by a large amount of plastic deformation and a fracture direction 45 degrees to the applied load. This behavior results in
slow, stable crack propagation. Figure 2.5 shows the progression of ductile fracture.
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Figure 2.5: Ductile fracture progression: a) Initial necking b) Cavities c)
Coalescence d) Crack propagation e) Shear fracture [10]

Plastic deformation allows for necking; this is followed by the development of a
crack and then the formation of a crack which forms from micro-voids. Thereafter,
crack propagation proceeds by shear deformations.
Lastly, the elastic-plastic state is a mixed-mode region where the transition between the plane-strain and plastic states happens. Naturally, aspects from both of
the previously mentioned fracture states are present, which play a role in the fracture
behavior of elastic-plastic structures.

Fracture Modes

There are three general types of relative movements of two crack surfaces in fracture
mechanics. Figure 2.6 demonstrates these three basic modes of fracture.
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Figure 2.6: Modes of fracture [9]

Mode I is referred to as the opening mode, and it is characterized by applied
loads normal to the crack planes; it is the most common type of fracture in practical
designs. Mode II, the shear mode, consists of a fracture resulting from applied loads
perpendicular to the crack tip edge, and in the plane of the crack surfaces. Mode III
is referred to as the tearing mode. In this mode, the applied loads are parallel to the
crack leading edge, and in the plane of the crack surface.

Stress Intensity Factor

Toughness is defined to be the energy per unit volume that is dissipated up to the point
of fracture for a given material. Therefore, the toughness of a material is its ability
of absorb energy and plastically deform up until the point of fracture. Toughness
can be visualized and measured by analyzing a stress-strain curve. Figure 2.7 shows
toughness can be obtained from the integration of the stress-strain curve, and how it
varies for various materials.
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Figure 2.7: Stress-strain curve and toughness [18]

This depicts the catastrophic and progressive failures of brittle and ductile materials, respectively, in relation with toughness. Moreover, toughness of materials
is prescribed to smooth, flawless structures. Under the presence of a flaw, fracture
toughness is measured or calculated to establish the conditions required to propagate
the existing flaw.
Fracture toughness can be obtained by various methods. Common methods include: 1) Charpy V-notch test, which measures the energy absorbed of a material
during fracture, and 2) experiments for determining the critical stress intensity factor, which characterizes the intensity of an existing crack in terms of crack size and
applied loads. The fracture toughness can be referred to as the stress intensity factor
(SIF).This parameter is of high importance due to its incorporation in linear elastic
fracture mechanics technology. The following equations show the general form of the
SIF for Mode, I, II, and III, respectively:
√
KI = σ a · f (g)
√
KII = σ a · f (g)
√
KIII = σ a · f (g)
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(2.1)

σ is the nominal stress and a is the crack length. f (g) denotes the structure’s
associated crack geometry. Hence, the SIF characterizes the severity of a crack by
establishing a relationship between the applied stress, crack size, and structural geometry.
There is a SIF associated with each fracture mode discussed earlier. Modes I,II,
and III have SIFs KI , KII , and KIII , respectively. Naturally, structures may be
subject to various loads such as tension and bending. When loads correspond to the
same mode, superposition can be utilized to determine a total fracture toughness.
Figure 2.8 demonstrates this concept by superimposing a bending and tensile load
to obtain a total fracture toughness. When loads correspond to different fracture
modes, superposition may not be used and other methods must be followed, such as
energy-release-rate superposition.

Figure 2.8: SIF Superposition [5]

SIFs vary with different fracture states. Recall that as the plate thickness increases, the plane stress influence from the free sides is minimized and an overall
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state of plane-strain is achieved. Conversely, when there is a loss of constraint (small
thickness) a plastic or elastic-plastic state is achieved. In a plastic or elastic-plastic
state, plane stress is dominant and the SIF value is described as the plane-stress SIF,
Kc . Figure 2.9 shows the plate thickness effect on the SIF. A peak in SIF is present
while in plane stress conditions (in the presence of a small thickness); the SIF becomes
constant as a plane-strain state is approached (with an increasing thickness).

Figure 2.9: Plate thickness effect on the SIF [5]

A constant SIF value in a plane-strain state is denoted as KIc , for Mode I specifically. Up to this point all SIFs previously mentioned denote static loading conditions.
For rapid-loading rates and dynamic (impact) loading the designated SIFs are KIc(t)
and KId , respectively; both of which are in plane-strain conditions. All of these SIF
are sub-scripted with a c for critical, indicating that a critical SIF can be obtained
for design purposes. Figure 2.10 shows a stress-flaw size plot and different levels of
SIFs. In a similar manner in which stresses are designed to be below a yielding stress,
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SIFs of any combination of stress and flaw size should be kept under the critical SIF
curve to avoid failure.

Figure 2.10: Levels of SIF with varying nominal applied stress and crack
size [5]

Aside from thickness, loading rate and temperature also have a major influence on
fracture toughness. In general, the inherent fracture toughness increases with increasing temperature and decreases with increasing loading rate. Figure 2.11 demonstrates
how a static condition has a SIF curve that is higher than the dynamic one; additionally, an increase of fracture toughness takes place as the temperature increases.
Hence, conservative designs consist of an environment with low temperatures and
high loading rates.
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Figure 2.11: SIFs with varying loading rates [5]

2.1.2

Linear Elastic Fracture Mechanics

Linear Elastic Fracture Mechanics (LEFM) is an approach relating the stress magnitude and distribution to both the nominal stress applied and the crack geometry.
This relationship is established through the SIF, which is an inherent material property under specific conditions. The assumption of linear elasticity neglects any plastic
effects near the crack tip and thus best characterizes brittle fracture.
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Stress Analysis in LEFM

Figure 2.12: Crack stresses and coordinate system [5]

A coordinate system and at the cracl tip is shown in Figure 2.12, where r is the radius
away from the leading edge of the crack, and θ is the angle from the x − axis. Each
fracture mode corresponds to different stress fields in the vicinity of the crack. The
following equations show the generalized form for the stress-distribution for modes I,
II, and III respectively:
KI
fij (θ)
σij = √
2πr
KII
σij = √
fij (θ)
2πr
KIII
σij = √
fij (θ)
2πr

(2.2)

Figure 2.13 shows the stress distribution for a linear-elastic assumption in relation
to r and θ for a center through crack specimen under a mode I load.
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Figure 2.13: Stress distribution for linear-elastic crack under mode I [9]

From Equations 2.2 and Figure 2.13, there is a visible singularity that arises from
p
1/ (r). This suggests an infinite amount of stress exists at the crack tip, which is
not accurate. In reality there is plasticity at the crack tip that influences that stress
field. In LEFM, this plastic region is very small; therefore LEFM problems are best
identified as brittle with a liner-elastic stress field. Since Mode I will be the focus of
this thesis, the specific stress fields for Mode I areas follows:
"
#
θ
θ
3θ
KI
cos 1 − sin sin
σx = √
2
2
2
2πr
"
#
KI
θ
θ
3θ
σy = √
cos 1 + sin sin
2
2
2
2πr
KI
θ
θ
3θ
τxy = √
sin cos sin
2
2
2
2πr
σz = ν(σx + σy )
τxz = τyz = 0
The corresponding displacements for Mode I are the following:
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(2.3)

" #1/2
"
#
KI r
θ
2 θ
u=
cos 1 − 2ν + sin
G 2π
2
2
" #1/2
"
#
2
KI r
θ
θ
v=
sin 2 − 2ν + cos2
G 2π
2
2

(2.4)

w=0
Equations 2.4 are derived with the neglect of higher-order r terms, and therefore
are exact in the limit as r approaches zero.
The magnitude of a stress field is determined by the SIF; this indicates that the
nominal stress, structural geometry, and crack size directly impact the magnitude
of the stress field. Consequently, the stress-distribution remains unchanged for each
fracture mode, and only the magnitude changes in accordance to the SIF at hand. In
cases where stress-distribution is influenced from different mode loads, a superposition
of different stress fields can be used near the crack tip; similarly, displacements can
be superimposed.
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The Griffith Theory

Figure 2.14: Infinite plate of unit thickness with a through-thickness crack
[3]

Fracture behavior can be described in terms of energy by looking at the Griffith
theory. To further understand this theory, consider an infinite plate of unit thickness
with a through-thickness crack of length 2a, as seen in Figure 2.14.
The potential energy of the whole system is described by:

U = U0 − Ua + Uγ

(2.5)

Here U , U0 , Ua , and Uγ respectively represent the total potential energy, the elastic
energy of the uncracked plate, the decrease in the elastic energy caused by introducing
the crack in the plate, and the increase in the elastic-surface energy caused by the
formation of the crack surfaces. Utilizing Inglis’ [18] equation developed for the
decrease in the elastic energy and implementing the elastic-surface energy, Equation
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2.5 becomes:

U = U0 −

πσ 2 a2
+ 2(2aγe )
E

(2.6)

Taking a derivative of the total potential energy with respect to the crack length,
a, and setting it equal to zero to obtain the equilibrium condition for crack extension
yields:

√

σ a=

2γe E
π

!1/2
(2.7)

Equation 2.7 can be rearranged in the form:

πσ 2 a
= 2γe
E

(2.8)

This presents two important fracture parameters: the energy-release rate, G, and
the material’s resistance to crack extension, R. In Equation 2.8, the left-hand side is
the energy-release rate and the right-hand side is the material’s resistance to crack
extension. It is important to note that this theory is established under the assumption
that “incipient fracture in ideally brittle materials occurs when the magnitude of the
elastic energy supplied at the crack tip during an incremental increase in crack length
is equal to or greater than the magnitude of the elastic energy at the crack tip during
an incremental increase in crack length.” [5]
Furthermore, Irwin’s introduction of the SIF allows for:

πσ 2 a
K2
= G = I0
E
E

(2.9)

where E 0 = E under plane stress conditions and E 0 = E/(1 − ν 2 ) under planestrain conditions. This establishes a useful relationship between the SIF and the
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energy-release rate.
Additionally, Irwin [13] and Orowan [17] implemented plasticity into the theory
by noting that the material’s resistance to crack extension is equal to a combination
of the elastic-surface energy and the plastic-strain work. Equation 2.10 demonstrates
this modification and highlights how plasticity is always present, but is negligible
when observing brittle situations.

πσ 2 a
= 2(γe + γp )
E
2.1.3

(2.10)

Elastic-Plastic Fracture Mechanics

During non-brittle fracture, local plasticity occurs at the crack tip. Figure 2.15 depicts
the plastic zone and its impact on the stress distribution in the crack tip vicinity.

Figure 2.15: Plastic zone in the crack tip [9]

In reality this is what detains the crack tip from experiencing a singularity and
reaching a stress level of infinity. As mentioned in previous sections, a plastic zone
at the crack tip is always present; however, this zone may be neglected during brittle
fracture. For ductile conditions this zone exceeds negligible limits and must be ac21

counted for. Various methods to perform stress analysis in Elastic-Plastic Fracture
Mechanics (EPFM) exist. Most notably are the extensions from LEFM: 1) R-curve,
2) J-integral, and 3) Crack-Tip Opening Displacement. The R-curve method utilizes
the crack growth resistance and it’s equivalence to the energy release rate. The Jintegral method utilizes a path-independent integral to evaluate the energy release
rate. The Crack-Tip Opening Displacement (CTOD) method utilizes the deformation
of the crack tip to establish a relationship to its fracture strength via the Dugdale
strip-yield model. The J-Integral will be examined more closely given it’s importance
in the finite element method.

J-Integral

Griffith’s Theory assumes elasticity and neglects any plastic effects; consequently the
energy release rate does not consider plasticity effects. In EPFM the plastic zone
is too large to be negligible. In this case, the energy release rate is affected by the
plasticity. In order to determine the plastic effect on the energy release rate a rigorous
elastic-plastic solution of the crack tip stress field is needed. Given the difficulty of
these solutions, the J-Integral by Rice is a more feasible alternative.
The J-Integral is defined in the form:

Z
W dy − T

J=
Γ

!
∂u
ds
∂x

(2.11)

Rice proved that J = G for elastic cases and thus a strain energy rate can be
provided for a problem with large plastic zones via the J-Integral. This is done by
exploiting the J-Integral’s path-independence property, and taking an integral from
an area sufficiently far from the plastic zone and then substituting it for a region near
the crack tip.
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Furthermore, for a linear-elastic case Equation 2.12 is true and establishes a relationship between the J-Integral value and the SIF; where again, where E 0 = E under
plane stress conditions and E 0 = E/(1 − ν 2 ) under plane strain conditions.

J =G=

2.1.4

KI2
E0

(2.12)

Calculating the Stress Intensity Factor

The SIF is an important engineering value to evaluate a structure’s susceptibility to
fracture during service conditions. Various ways of calculating SIF values exist. In
this section, empirical functions and weight functions will be discussed. In Chapter
4 the finite element method will be studied and discussed.

Empirical Functions

A reliable method of estimating SIF values is through the use of empirical formulas
already established from previous studies. Reliable empirical formulas exist for common crack configurations, i.e., in The Stress Analysis of Cracks Handbook [19]. This
method is an efficient way to get reliable SIF values while in the design process to
consider fracture. Although many empirical formulas are readily available, different
methods are needed for more complex crack configurations and/or loading conditions.

Weight Functions

The weight function approach proves to be attractive due to its versatility, efficiency,
and reliability. Introduced by Bueckner and Rice, the weight method multiplies the
weight function to the stress distribution and integrates along the crack length. Hence,
SIFs are readily available for multiple complex loading conditions via the weight func-
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tion method. The weight function method is very desirable due to its computational
efficiency without compromising accuracy. This approach will be discussed in further
detail for 2-D problems.
The weight function approach suggests that the SIF can be calculated by integrating the product of an arbitrary set of applied loads and the weight function over
the cracked body. The following derivation will be described as per Wu et al. [21].
Consider Figure 2.16, in which a crack in the X2 plane is present.

Figure 2.16: Weight function specimen [21]

Here T , U , and C denote surface tractions, displacements, and regions respectively.
Referencing Equation 2.3, the stress ahead of the crack tip is:

(1)

σ22

K
= √I
2πξ

and thus the traction is represented by:
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(2.13)

(1)

K (A − ∂A)
T2 = pI
sπ(∂A + ξ)

(2.14)

Moreover, the displacement of the crack surfaces are represented by:

κ + 1 (1)
KI
U2 = ±
2µ

r

−ξ
2π

(2.15)

Using reciprocity with a new load system (2) leads to the following:

κ+1
(1)
(2)
· KI (A − δA) · KI (A) ·
2πµ

0

Z

s

−δA

−ξ
dξ +
δA + ξ

(1)
(2) ∂Ui
Ti
δAds

Z
=

∂A

CT

(1)
(2) ∂σij
Ui
nj δAds

Z

∂A

CU

Z
+

(1)
(2) ∂Ui
bi
δAdB

(2.16)

∂A

B

Integrating and allowing for δA →
− 0, Equation 2.16 becomes:

(2)
KI (A)

"Z

4µ

=

(1)

(κ + 1)KI (A)

Z
−

(1)
(2) ∂σij
Ui
nj ds

∂A

CU

(1)
(2) ∂Ui
Ti
ds

∂A

CT

Z
+

(1)
(2) ∂Ui
bi
dB

B

#

(2.17)

∂A

Equation 2.17 corresponds to mode I. Mode I will be analyzed here since that is
the main focus of this thesis; therefore K will denote KI . By using superposition for
mixed boundary conditions and by introducing the traction prescribed boundary to
the crack surfaces, Equation 2.17 becomes:

(2)
KI (A)

Z

8µ

=

(1)

(κ + 1)KI (A)

A

(1)

2
σ22
(X)

∂U22 (A, X)
dX
∂A

Further refinement leads to:

m(a, x) =

∂ur (a, x)
E0
√
∂a
fr (a)σ πa
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(2.18)

Z

f=

a

σ(x) m(a, x)
√
dx
σ
πa
0
√
K = f σ πaW

(2.19)

Here m(a, x) is the weight function. The final forms are expressed in non-dimensional
quantities, where x = X/W , a = A/W , ur (a, x) = Ur (A, X)/W , and fr (a) =
√
Kr (A)/[σ πaW ]. Additionally, E 0 = E under plane stress and E 0 = E/(1 − ν 2 )
under plane strain.

Stress Intensity Factor for Common Problems

The approaches discussed for determining the SIF are efficient and reliable. Due to
the nature of structures in service, some of the most common crack configurations
are: Center Crack (CC), Double Edge, and Single Edge cracks. Figure 2.17 depicts
some example problems for these configurations.

Figure 2.17: Common crack configuration example problems in MPa and
m

For common problems the difference between SIF is minimal and can be seen
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in Table 2.1. The empirical and weight function SIF were calculated through the
equations provided by The Stress Analysis of Cracks Handbook [19], and by Weight
Functions and Stress Intensity Factor Solutions [21]. A detailed calculation example
for the center crack specimen may be found in Appendix A.
Crack configuration

Empirical Functions

Weight Functions

Center crack

357

357

Double edge crack

1268

1269

Single edge crack

402

404

Table 2.1: SIF values for different crack
configurations for empirical and
√
weight function approaches in M P a m

2.2

Crack Arrest

To understand the mechanics of crack arresters, a look at the work by Kenninne et
al. is analyzed [14]. The principles of crack arrest can be established by revisiting the
energy release rate and breaking down its energy components. The energy release rate
is considered the driving force for crack extension and it’s composed of : 1) elastic
strain energy, 2) kinetic energy, and 3) work done by the external forces acting on
the structure. Equation 2.20 defines the energy release rate in terms of its energy
components and characterizes fracture under LEFM.

G=−

dU
dT
dW
−
+
dA dA
dA

(2.20)

Also revisiting the material’s resistance to crack extension discussed in Griffith’s
Theory, the following establishes the requirement for crack extension.
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G=R

(2.21)

When this condition is not met Equation 2.22 characterizes the system and crack
extension is not possible.

G<R

(2.22)

Furthermore, for a crack under extension, if Equation 2.22 occurs then arrest must
take place. It is worth noting that the energy release rate, G, cannot exceed the value
of the material’s resistance to crack extension, R, due to the fact that it would violate
the energy balance.
The crack arrest phenomena mentioned previously can be graphically demonstrated in Figure 2.18.
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Figure 2.18: Energy in the system throughout crack extension (top) Velocity of crack throughout crack extension (bottom) [14]

At the bottom, a0 is the critical crack length and it is shown that after reaching
this critical condition crack extension begins rapidly until a crack arresting crack
length, ac , is reached. At a crack length ac , the energy release rate is labeled arrest
toughness, for it is the value lower than the critical energy release rate and is reached
at the instance of crack arrest. The top portion of Figure 2.18 graphically describes
the behavior of the energy release rate from pre-fracture to post-fracture.
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Crack stability can be seen before point A, where the crack is below sub-critical
conditions, and after point C, where the crack is arrested. During these phases the
energy release rate is below the material’s resistance to crack extension, R, and thus
the crack is not under extension.
In interval AC the crack is under extension since the materials resistance to crack
extension, R, is equal to the energy release rate, G. In interval AB the strain energy
release rate component of the energy release rate governs the crack driving force;
additionally, kinetic energy is supplied to the structure in this interval. In interval BC
the strain energy release rate is less than the materials resistance to crack extension,
however crack propagation pursues by virtue of the kinetic energy recovered from
the structure. Therefore, the crack driving force in interval BC consists both strain
energy release rate and kinetic energy release rate components.
From this, it can be established that for crack arrest to occur, one of two things
must take place: 1) a decrease in the crack driving force (energy release rate), G, or
2) an increase in the material’s resistance to crack extension, R.
It is important to note that the analysis pertaining to Figure 2.18 is for a crack
propagating under fixed grip conditions which allow for dW/dA to equal zero. Crack
arrest characterization is a difficult task which gets more complex with varying crack
propagating velocities and plate thicknesses.

2.2.1

Crack Arresters

Crack arresters, namely, allow for a structure to enter a state of crack arrest. As
mentioned previously, crack arrest is achieved through the manipulation of the crack
driving force and the resistance to fracture. Therefore, the three types of crack
arresters that can be developed fall within the following classifications: Type 1, Type
2, or Type 3. Table 2.2 gives a description of each classification.
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Type 1

Crack Arrester that decreases the crack driving
force (the energy release rate)

Type 2

Crack Arrester that increases the material’s
resistance to crack extension (R/ fracture toughness)

Type 3

Crack arrester that is a combination of Type 1 and
Type 2

Table 2.2: Definition of each crack arrester clssification

The key properties for crack arresters by type can be described as such:
1) Type 1 experiences a change in fracture energy without a change in stiffness.
This is possible through a change in the fracture toughness properties of the main
structure and the crack arrester.
2) Type 2 decreases the crack driving force which results in a change in the
stiffness. This is possible by modifying material and geometric properties of the main
structure and the crack arrester.
3) Type 3 changes the path of the crack and/or changes the fracture mode. This
is done by simultaneously using properties from Type 1 and Type 2.
Figure 2.19 depicts the effect that different crack arrester types have on the energy
of the system. Recalling that the dashed line is the crack driving force (energy release
rate) and that the solid line is R (material’s resistance to crack extension/ fracture
energy) it is shown how each crack arrester enables crack arrest. The introduction of
an arrester plate changes the the material’s resistance to crack extension and thus it is
shown how the R curve rises due to this increase in fracture energy. The introduction
of a stiffener modifies the stiffness and thus results in a lower crack driving force.
Both cases lead to crack arrest by halting the continued storage of kinetic energy and
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commencing the return of kinetic energy already stored.

Figure 2.19: (a) Plate without crack arrester (b) Energy through crack
extension for plate without crack arrester (C) Plate with Arrester Plate
(d) Energy through crack extension for plate with arrester plate (e) Plate
with stiffener (f ) Energy through crack extension for plate with stiffener
[14]

The following table lists several crack arresters with their classification and descriptions.
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Classification

Crack Arrester

Description

Type 1

Inserted

Raises the crack resisting force

Type 2

Patch

Decreases crack driving force

Type 2

Stiffener

Increases spring stiffness

Type 3

Riveted seams

Introduces a discontinuity

Type 3

Ditch

Changes fracture mode and crack direction

Table 2.3: Description of each crack arrester clssification

Stress Concentration Factor

Fracture on structures are never planned and mainly avoided, unless the structure
is intentionally designed to fracture. A structure’s suceptibility to fracture should
be evaluated and avoided at the design phase. Cracks in structures root from stress
raisers that eventually lead to fracture. Stress raisers often come in the form of
notches with varying stress concentration factors. Figure 2.20 demonstrates a plate
with an elliptical hole and its pertaining dimensions.
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Figure 2.20: Stress concentration factor with varying dimensions [5]

Thus Equation 2.23 describes the concentration factor for regions with curvatures,
specifically at the edge of an ellipse.

KT =

σm ax
2a
=1+
σn om
b

(2.23)

Furthermore, assuming a >> b, and taking the radius, ρ, to be represented by
ρ = b2 /a yields Equation 2.24.
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KT =

σmax
a
=2
σnom
ρ

(2.24)

Thus, for a radius of zero, which is a sharp crack, the stress concentration factor
approaches infinity.
Therefore, a common practice is to use the Stop-Drill method in structures. This
practice replaces a sharp crack with a notch, and thus according to Equation 2.21
drives the stress concentration factor down from infinity. This method does not
arrest the crack; rather, it replaces the crack with a notch that has a lower stress
concentration factor and thus lower stresses in the crack/notch vicinity.

2.3

Finite Element Method

2.3.1

Overview

The finite element method employs the discretization of structures into shapes referred
to as elements. These elements consist of nodes which interconnect elements. The
node connections allow for the continuity of displacement fields. The finite element
method can be executed in a two and three dimensional space. The two-dimensional
approach is described below.
Figure 2.21 demonstrates a two-dimensional isoparametric continuum element.
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Figure 2.21: Local and global coordinates for a two-dimensional element
[3]

The set of coordinates observed in Figure 2.21 are local/parametric (ξ, η) and
global (x, y). The local coordinates vary from −1 to +1 over the area of the element.
The global coordinates are given by:

x=

n
X

Ni (ξ, η)xi

i=1

y=

n
X

(2.25)
Ni (ξ, η)yi

i=1

Here, n is the number of nodes, Ni are the pertaining shape functions, and i is
the node number. Shape functions are polynomials that serve to interpolate field
quantities within the element. The order of these functions vary and depend on
the number of nodes in the element. The interpolation necessary to determine the
displacements is as follows:

u=
v=

n
X
i=1
n
X

Ni (ξ, η)ui
(2.26)
Ni (ξ, η)vi

i=1
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Here, u is the displacement in the x direction and v is the displacement in the y
direction. In matrix format, the strain can be calculated as follows:
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(2.27)
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(2.30)

J is referred to as the Jacobian matrix and is an important characteristic that
can describe the quality of an element.
The stress matrix can be calculated in the following manner:




σ = [D] 

(2.31)

Here, [D] is the stress-strain constitutive matrix and can be constant or variable depending on an elastic or plastic state. This procedure yields the stress and
strain distribution in a structure discretized into elements. The evaluation of these
parameters are determined at several Gauss points/integration points. The number
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of integration points vary per case. Additionally, the elemental stiffness matrix can
be evaluated as follows:

Z

1

Z

1

[B]T [D][B]det|J |dξdη

[k] =
−1

(2.32)

−1

Elemental stiffness matrices can be assembled to form the global stiffness [K],
which can the be used to relate the global forces and displacements as follows:

[K][u] = [F ]

2.3.2

(2.33)

Fracture Mechanics Conventional Method

The conventional finite element approach in fracture mechanics consists of the degeneration of quadrilateral and brick elements into triangles and wedges, respectively.
The degeneration can be seen in Figure 2.22, where a quadrilateral is degenerated
into a triangle.

Figure 2.22: Degeneration of a quadrilateral element into a triangle at the
crack tip [1]

This process can be done similarly for a three-dimensional element, as seen in
Figure 2.23.
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Figure 2.23: Degeneration of a brick element into a wedge at the crack tip
[1]

Different strain-singularities are necessary for elastic and plastic problems; Figure
2.24 depicts these differences. For an elastic problem, the mid-side nodes are moved
√
to a quarter of the side length from the collapsed nodes in order to introduce a 1/ r
singularity. Additionally, the collapsed nodes are normally tied for elastic problems.
For a plastic problem, the mid-size nodes are moved to half of the side length from
the collapsed nodes in order to introduce a 1/r singularity. The collapsed nodes are
not tied for plastic problems.

√
Figure 2.24: (a) Elastic crack-tip element with a 1/ r strain singularity
(b) Plastic crack-tip element with a 1/r strain singularity [3]
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Mesh designs are critical for accurate results. Using the conventional method,
typical problems are best modeled using a “spider-web” mesh design. Figure 2.25
shows a “spider-web” mesh example for a crack. This mesh design is ideal for typical
problems because the elements in the innermost ring are easily degenerated into
triangles. Moreover, this mesh design facilitates a transition from a fine mesh at
the tip to a coarser mesh away from the tip. This mesh design is also numerically
beneficial because it forms smooth, concentric integration domains for the evaluation
of J integrals. Generally, mesh refinement should be greatest at the crack tip, since
that is the region with steep stress and strain gradients. Additionally, mesh refinement
can vary between elastic and plastic problems. Elastic problems can be properly
modeled with relatively coarse meshes, whereas, plastic problems require more mesh
refinement at the location of yielding.
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Figure 2.25: “Spider-web” mesh design at crack tip [3]

2.3.3

Fracture Mechanics eXtended Finite Element Method

An alternative finite element method approach to fracture problems is the eXtended
Finite Element Method (XFEM), which was introduces by Belytscho and Black [6].
The XFEM approach is an extension of the conventional finite element method which
implements the concept of partition of unity, by Melenk and Babuska [15], to allow
local enrichment functions to be easily incorporated in the finite element method. A
combination of enriched functions in conjunction with additional degrees of freedom
allows for discontinuities to simulate fracture. This approach is advantageous over
the classical method because it does not require the mesh to match the geometry
of the discontinuities. Thus, a “spider-web” mesh design is not needed for accurate
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results. Mesh refinement is still necessary near near the crack-tip, but through the
XFEM approach, meshing time and complexity is reduced.
In the XFEM method, the enrichment functions involved are typically a neartip asymptotic function and a discontinuous function at the crack surfaces. The
asymptotic functions capture the singularity at the crack tip and the discontinuous
functions capture the jump in displacement across crack surfaces. The displacement
vector with the partition unity is as follows:

[u] =

N
X

NI (x)[uI + H(x)aI +

4
X

Fα (x)bα
I]

(2.34)

α=1

I=1

where the discontinuous jump function, H(x), is represented by:

H(x) =




1 if (x − x∗ ).n ≥ 0

(2.35)



−1 otherwise
and the asymptotic crack tip function, Fα (x), can be represented by

√
θ √
θ √
θ √
θ
Fα (x) = [ r sin , r cos , r sin θ sin , r sin θ cos ]
2
2
2
2

(2.36)

Equation 2.36 is specific to an isotropic elastic material; different forms of asymptotic crack-tip functions can be used for different problems. Figure 2.26 illustrates
coordinates for a smooth crack employing the previously mentioned functions.
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Figure 2.26: Normal and tangential coordinates for a smooth crack [3]
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Chapter 3
EXPERIMENTAL VALIDATION

To obtain suitable experimental data, the ASTM Linear-Elastic Plane-Strain Fracture
Toughness KIc of Metallic Materials (E-399) [12] standardized test is ideal to follow in
order to compare SIFs for different materials, geometries, and loading conditions. Due
to the limitations of the Cal Poly Composites Laboratory, proper experiments weren’t
able to be performed. These limitation mainly consisted of scarcity of specimen materials, inadequate fixtures, and limited testing machines. Therefore, numerical results
were attempted to match the experimental work performed by Gungor et al. [16];
the experimental work consists of cracked thin plates reinforced by stiffeners. Gungor
et al. provide experimental data that is used in this thesis to validate fracture control modeling using the finite element method. These experiments investigated thin
plates reinforced by stiffeners using transmission photoelasticity. SIFs are compared
between numerical results and these experimental results obtained by Gungor et al.
in order to establish validation. It is important to note that the photoelastic analysis
Gungor et al. used holds an accuracy within 5% and should be considered while
establishing any relationships. Moreover a comparison is also made versus analytic
unstiffened results developed by Ball [4].

3.1

Specimen Preparation and Experimental Setup

Gungor et al. obtained specimen manufactured from 4 mm thick cast epoxy resin.
The specimen geometry was cut to a geometry of 160 mm by 300 mm and with a
20 mm diameter central hole. The stiffeners had an L shape and were also manufactured from a similar sheet. The stiffeners were bonded to the plate through
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an epoxy-based adhesive. This was done in order to have compatibility of material
properties and to model an attachment similar to continuous bonding or integral machining. Furthermore, metals clamps were bolted onto the ends of the specimens in
order to apply a tensile stress directly onto the plate. This would allow the stiffeners
to offer resistance to deformation rather than offering a direct load path. Figure 3.1
demonstrates specimen drawings created by Gunor at el. Although various specimen
configurations were created, configuration (b) will be studied and modeled with the
finite element method.

Figure 3.1: Specimen drawings and specifications [16]

45

Tensile loads were applied onto the metal clamps and cracks were created in incremental stages of approximately 4 − 5 mm. Cracks were created by using a fine
jeweller’s saw which produced a sharp notch with a width of approximately 0.3 mm.
Thereafter, the appropriate phototelastic analysis was performed to produce SIF values.

3.2

Results and Discussion

The findings of Gungor et al. can be seen in Figure 3.2. In order to compare these
experimental results to numerical ones, WebPlotDigilitizer was used to extract the
desired points from Figure 3.2, i.e., the unstiffened plate analytic curve and the configuration (b) data points.

Figure 3.2: SIF results with growing crack length [16]
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In general it can be seen that a decrease in SIF occurs as the length of the crack
increases. This can be attributed to Equation 2.1 and the reduction in stress. Additionally, the presence of crack arresters reduce the SIF throughout crack extension
by similar principles.

47

Chapter 4
NUMERICAL ANALYSIS

4.1

Stress Intensity Factor for Common Problems

As discussed in previous sections, the SIF is a useful fracture parameter in engineering. In addition to empirical formulas and weight functions, the finite element
method is a numerical approach to determining this parameter. The finite element
method can be a powerful tool in solving fracture problems when used with proper
modeling techniques. In order to substantiate the finite element method, SIFs for
common problems were determined and compared to answers produced by empirical
and weight functions. Table 4.1 appends to Table 2.1 with a finite element column
with SIFs for common problems referenced in Figure 2.17. The finite element values
were determined with models with moderate mesh sizes. It is important to note that
being a numerical technique, finite element models of different mesh sizes yield different answers which alter the accurateness. On the basis thereof, the results in Table
4.1 demonstrate the accurateness of the finite element. A percent error equal to or
below 1% is observed and substantiates the finite element method approach used in
this thesis. The finite element software used in Table 4.1 and in the remaining of this
thesis will be Abaqus/CAE.

48

Crack

Empirical

Weight

Finite

Percent

Configuration

Functions

Functions

Element Method

Error

Center crack

357

357

355

≤ 1%

Double edge crack

1268

1269

1260

≤ 1%

Single edge crack

402

404

398

≤ 1%

Table 4.1: SIF values for different crack configurations for empirical
√ functions, weight functions, and the finite element approaches in M P a m

4.2

Experimental Validation of the Finite Element Method

To further validate the modeling methodology executed in this thesis, experimental
validation was performed on the experiments discussed in Chapter 3. The finite
element modeling techniques and results are discussed in the following sections.

4.2.1

Specimen modeling

The experiment carried out by Gungor et al. was modeled using the XFEM. Table
4.2 outlines the material properties and loading parameters used for the unstiffened
models. Refer to Figure 3.1 for model dimensions.
Property/parameter

Value

Young’s modulus, E

3,500,000 Pa

Poisson’s ratio, ν

0.33

Load

200 Pa

Table 4.2: Unstiffened experimental model properties and parameters

Figure 4.1 demonstrates the model assembly alongside the applied loads and
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boundary conditions. The model was fully constrained at the bottom to model the
bottom clamp in the experiment. In order to model the upper clamp region, a rigid
strip was tied to the top of the plate specimen. Tying is an interaction property in
Abaqus/CAE that ties sets of nodes. Between these sets, one is a master region and
the other is a slave region; a slave region is constrained to the motions of the master
region. This was done to constrain the top of the specimen in the y direction; with the
rigid strip, the top of the specimen can only move vertically and cannot displace in
any other direction. The load applied is a pressure that is placed on the upper surface
of the rigid strip. Hence, the rigid strip acts as medium through which the pressure
is distributed and restricts to only vertical motion. An XFEM crack is introduced in
the model via a planar part. The plane is inserted in the specimen model to establish
the location of the crack. A rectangular partition was made along the crack location
in order to be able to create a finer mesh in the crack vicinity.

Figure 4.1: Unstiffened Assembly (left) and applied loads and boundary
conditions (right)

The model mesh is shown in Figure 4.2. A fine mesh is created around the crack
vicinity. In Figure 4.3, a close-up of the mesh near the crack is demonstrated. The
rectangular partition made is used to allow for a finer mesh, and to allow for elements
of higher quality. It is visible that in the crack region and within the partition, all
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elements are of generally higher quality quadrilateral elements.

Figure 4.2: Unstiffened Mesh - Iso., Front, and Close up views

Figure 4.3: Unstiffened Mesh - crack close up (left) and crack path region
(right) views

Similarly, the stiffened configuration was modeled as depicted in Figure 4.4. All
properties and parameters remain the same as in the unstiffened configuration. As
described in Chapter 3, the stiffener is composed of the same properties as the main
plate. Furthermore, since adhesion was used in the experiment, and ideal simulation
would consist of a model of the adhesive. For simplification purposes, the stiffener is
tied to the plate specimen, similar to the rigid strip. This models a perfect adhesion
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which is not accurate, but it is a proper model for an enduring adhesion.

Figure 4.4: Stiffened Assembly (left) and applied loads and boundary conditions (right)

The mesh remains the same from the unstiffened model, with the addition of a
new mesh formed for the stiffener. The stiffener consists of a slave region that is
constrained by the specimen master region in contact. Therefore, a fine mesh was
applied to the stiffener for a proper model tie to the specimen. Figures 4.5 and 4.6
respectively show the overall mesh and a close-up mesh of the crack region.

Figure 4.5: Stiffened Mesh - Iso., Front, and Close up views
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Figure 4.6: Stiffened Mesh - crack close up (left) and crack path region
(right) views

4.2.2

Results

Figures 4.7 and 4.8 show contour plots of the Von Mises stress for the unstiffened
plate and for the stiffened plate, respectively. ‘Butter-fly’ stress lobes are visible on
the crack tip contours for both the unstiffened and stiffened plates. Additionally,
the stiffened contour plots demonstrate out-of-plane deformation due to the bending
moment introduced with the addition of the stiffener; this is caused due to the shift
in neutral surface when the stiffener is added.
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Figure 4.7: Unstiffened contour plots
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Figure 4.8: Stiffened contour plots

The SIFs results determined by the finite element models for the unstiffened plate
are shown in Figure 4.9; the graph shows non-dimensional curves for SIFs with an
increase in crack length. The plate modeled has 10 elements through the thickness of
the plate; this makes 11 elemental faces/layers on which the SIF can be determined,
Since the unstiffened plate is symmetric, SIF results are also symmetric about the
mid-surface; therefore, SIFs are plotted in Figure 4.9 for only half the thickness. Layer
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1 refers to the side layer of the plate where the stiffener will be applied. SIFs are
plotted against a theoretical curve [4] of SIFs for the unstiffened plate. The results
indicate that the Layer 1 (plate side surface where the stiffener will be applied) SIF
resembles closest to the theoretical SIFs.

Figure 4.9: Unstiffened experimental and FEA SIF Comparison

Similar to Figure 4.9 above, the SIFs results determined by the finite element
model are shown in Figure 4.10 for the stiffened plate. Here the stiffener is attached,
which removes the symmetry observed in Figure 4.9; thus, every elemental face/layer
on which the SIF can be determined is shown, SIFs are plotted against an experimental curve of SIFs for the stiffened plate. The results indicate that the Layer 1
(plate side surface where the stiffener will be applied) SIF resembles closest to the experimental SIFs. Moreover, the theoretical stiffened curve is stopped at the stiffener
first edge, whereas the XFEM results continue on. When a stationary XFEM crack
is introduced, a predefined crack length is assigned. Therefore, the effects passed the
first edge of the crack arrester is ignored for the purposes of experimentally validating
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the finite element method.

Figure 4.10: Stiffened experimental and FEA SIF Comparison

Error bars of the theoretical unstiffened plate curve and the experimental stiffened
plate curve are added in Figure 4.11 and 4.12, respectively. The closest corresponding
curves to the theoretical and experimental curves were selected from Figures 4.9
and 4.10 for comparison. Error bars were introduced in Excel, which report the
variability expected in the means for each data set. Error bars cover the numerical
curves produced through the finite element method, which validates the finite element
method experimentally through the work of Gungor et al.
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Figure 4.11: Unstiffened - Experimental and FEA SIF Comparison

Figure 4.12: Stiffened - Experimental and FEA SIF Comparison
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4.3

Cracked Specimen modeling

With the experimental and analytic substantiation of the finite element method presented previously, the following models are created: the center crack specimen (CCS)
and the compact tension specimen (CTS). Figures 4.13 and 4.14 show the CCS and
CTS modeled in this section. The modeling approach is discussed in the following sections. All materials under consideration will be homogeneous, isotropic, and
uniform.

Figure 4.13: CCS dimensions in inches
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Figure 4.14: CTS dimensions in inches

4.3.1

Center Crack Specimen

Two-dimensional and three-dimensional models are created for the CCS. Additionally,
both the conventional method and the XFEM will be used for the three-dimensional
models. In an attempt to model brittle fracture, the material properties for this
specimen correspond to an arbritary brittle material. Properties and parameters of
the models for the CCS are shown in Table 4.3.
Property/parameter

Value

Young’s modulus, E

3,646,000 psi

Poisson’s ratio, ν

0.3

Load

200 psi

Table 4.3: CCS model properties and parameters
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Two-Dimensional Models

Figure 4.15 demonstrates the model assembly alongside the applied loads and boundary conditions for a two-dimensional model. The CCS was modeled to simulate uniform equal and opposite loads acting on the the top and bottom. This loading case
was modeled by fully constraining the bottom and constraining the top to only have
movement in the y direction. Constraints and loads are applied on curves/lines of the
model since the specimen is a plane in a two-dimensional space. A crack is introduced
in the model via a seam; seams are assigned to curves on two-dimensional models.
Seams enable duplicate nodes to exist in the specified region for crack modeling that
uses the conventional method.

Figure 4.15: 2-D CCS Assembly (left) and applied loads and boundary
conditions (right)

A line with circles at the tips is partitioned onto the CCS surface; the line is used
to assign the seam and the circles allow for a ‘spider-web’ mesh at the crack tips. The
model mesh is shown in Figure 4.16. A fine mesh is created around the crack vicinity.
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Figure 4.16: 2-D CCS Mesh - Iso. (top left), Front (top right), x1 Close
up (bottom left), and x2 Close up (bottom right) views

Three-Dimensional Models

Similar to the two-dimensional model, a three-dimensional model is modeled as shown
in Figure 4.17. The constraint and loading conditions remain the same as in the twodimensional model. The difference is that these conditions are applied to surfaces
rather than curve/line segments. Thus, the bottom surface is fully constrained and
the load is applied on the upper surface. The crack is still introduced in the model
via a seam for the three-dimensional model; however, for a three-dimensional model,
seams are assigned to faces. The seams maintain the use of the conventional method.
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Figure 4.17: 3-D CCS Assembly (left) and applied loads and boundary
conditions (right) - Conventional Method

Partitions were made similar to the two-dimensional model to allow for a finer
mesh and for elements of higher quality in the vicinity of the crack. Additional
partitions were created to help the Abaqus/CAE built-in algorithm produce a higher
quality mesh. The model mesh is shown in Figure 4.18.

Figure 4.18: 3-D CCS Conventional Mesh - Iso. (top left), Front (top
right), x1 Close up (bottom left), and x2 Close up (bottom right) views

A three-dimensional model was also modeled using the XFEM, as shown in Figure
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4.19. All loads and constraints are applied in the same way as done for the threedimensional model that uses the conventional method. The difference comes in the
introduction of a crack. Instead of assigning a seam, a crack is introduced in the
model via a planar part. The plane is inserted in the specimen model to establish the
location of the crack.

Figure 4.19: 3-D CCS Assembly (left) and applied loads and boundary
conditions (right) - XFEM

Partitions were also made in this model; however, they were minimal in comparison to the partitions used previously. The partitions consisted of two squares around
the crack tips in order to be able to create a finer mesh in the crack vicinity. The
model mesh is shown in Figure 4.20. A fine mesh is visible at the crack tips and near
the vicinity of the crack. It is worth noting to recall and observe the mesh’s organization. Previous meshes have a pattern or structure (in addition to a fine mesh) that
is needed for the conventional method to work properly. The XFEM does not need
this organization; instead it only requires for a finer mesh with proper elements in
the vicinity of the crack.
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Figure 4.20: 3-D CCS XFEM Mesh - Iso. (top left), Front (top right), and
Close up (bottom) views

4.3.2

Compact Tension Specimen

Two-dimensional and three-dimensional models are created for the CTS. Additionally,
both the conventional method and the XFEM will be used for the three-dimensional
models. In an attempt to model brittle fracture, the material properties for this
specimen correspond to an arbitrary brittle material. Properties and parameters of
the models for the CTS are shown in Table 4.4.
Property/parameter

Value

Young’s modulus, E

3,646,000 psi

Poisson’s ratio, ν

0.3

Load

200 psi

Table 4.4: CTS model properties and parameters
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Two-Dimensional Models

Figure 4.21 demonstrates the model assembly alongside the applied loads and boundary conditions for the CTS. The CTS was modeled to simulate equal and opposite
concentrated loads acting on the the top and bottom hole centers. This loading case
was modeled by constraining the bottom hole center point in all degrees of freedom,
excluding in-plane rotation. Additionally, the top hole center point was constrained to
only have translational freedom in the y direction and rotational freedom in in-plane
rotation. The load was applied on the top hole center point as a concentrated load.
To transfer the constraints and load to the hole edge curves, a coupling interaction is
established between the center points (where the constraints and loads are applied)
and the hole curves. The coupling constraint couples the motion of the hole edge
curves to the motion of the center points. A crack is introduced in the model via a
seam which allows for the use of the conventional method.

Figure 4.21: 2-D CTS Assembly (left) and applied loads and boundary
conditions (right)

A circle with perpendicular lines crossing through the circle’s center was partitioned onto the CTS surface; the horizontal line is used to assign the seam and the
circle allow for a ‘spider-web’ mesh at the crack tip. The model mesh is shown in
Figure 4.22. A fine mesh is created around the crack vicinity. Additional partitions
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are used to allow for a finer mesh, and to allow for elements of higher quality at the
crack tip.

Figure 4.22: 2-D CTS Mesh Iso. (top left), Front (top right), and Close
up (bottom) views

Three-Dimensional Models

Similar to the two-dimensional model, a three-dimensional model is modeled as shown
in Figure 4.23. The constraint and loading conditions remain the same as in the
two-dimensional model. The difference is that the coupling done to enforce these
conditions is now done between the hole center points and the hole edge surfaces.
The crack is still introduced in the model via a seam for the three-dimensional model;
however, for a three-dimensional model, seams are assigned to faces.
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Figure 4.23: 3-D CTS Assembly (left) and applied loads and boundary
conditions (right) - Conventional Method

Partitions were made similar to the two-dimensional model. This allows for a
finer mesh and for elements of higher quality in the vicinity of the crack. Additional
partitions were created to help the Abaqus/CAE built-in algorithm produce a higher
quality mesh. The model mesh is shown in Figure 4.24.

Figure 4.24: 3-D CTS Conventional Method Mesh - Iso. (top left), Front
(top right), and Close up (bottom) views

A three-dimensional model was also modeled using the XFEM. as shown in Figure
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4.25. All loads and constraints are applied in the same way as done for the threedimensional model that used the conventional method. The difference comes with
the introduction of a crack. Instead of assigning a seam, a crack is introduced in the
model via a planar part. The plane is inserted in the specimen model to establish the
location of the crack.

Figure 4.25: 3-D CTS Assembly (left) and applied loads and boundary
conditions (right) - XFEM

A circular partition was made around the crack region to be able to create a finer
mesh in the crack vicinity. The model mesh is shown in Figure 4.26. A fine mesh
is visible at the crack tips and near the vicinity of the crack. Similar to the XFEM
CCS model, partitions are minimal and simpler in comparison to what is needed for
the conventional method.
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Figure 4.26: 3-D CTS XFEM Mesh - Iso. (top left), Front (top right), and
Close up (bottom) views

4.4

Crack Arrester modeling

With the experimental and analytic substantiation of the finite element method presented previously, crack arresters were modeled for the center crack specimen. Application of the crack arresters is the same for the CCS and CTS, and thus only the
CCS will be demonstrated in this section. Crack arresters will be placed on the CCS
modeled above. The crack arrester techniques used are: stop-drilling, bolted patching, and adhesive patching. Three-dimensional models were modeled for all crack
arrester systems; however, two-dimensional models only consist of stop-drilling. Figures 4.27 and 4.28 show the patches used for the CCS and CTS, respectively. Recall
that stop-drilling does not arrest a crack; instead it replaces the crack with a notch
that has a lower stress concentration factor. Patch crack arresters are not modeled
with two-dimensional elements due to the interactions that will be used to apply the
patches. Furthermore, crack arrester modeling will only be demonstrated on the con70

ventional method and not the XFEM since application of the crack arrester is the
same for both models. The modeling and application of each crack arrester system is
discussed below.

Figure 4.27: CCS patch dimensions in inches
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Figure 4.28: CTS patch dimensions in inches

4.4.1

Stop-Drilling

Two-Dimensional Models

Stop-drilling is modeled in the two-dimensional CCS model by partitioning a hole on
the model that is sufficiently large to cover the entirety of the crack. This model does
not contain a crack since it is “drilled” out; therefore, the analysis is conventional
and does not consist of a fracture modification. Figure 4.29 demonstrates the model
assembly alongside the applied loads and boundary conditions of the stop-drilling
performed on the two-dimensional CCS.
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Figure 4.29: 2-D Stop-Drilling CCS Assembly (left) and applied loads and
boundary conditions (right)

The model mesh is shown in Figure 4.30. A mesh fine enough to produce high
quality elements and accurate results is produced. Partitioning for meshing is unnecessary since a crack is not introduced. Thus, the algorithm can generate a mesh of
good quality without the need of additional partitioning.

Figure 4.30: 2-D Stop-Drilling CCS Mesh - Iso. (top left), Front (top
right), and Close up (bottom) views
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Three-Dimensional Models

Similar to the two-dimensional model, a three-dimensional model is modeled as shown
in Figure 4.31 by partitioning a hole on the model that is sufficiently large to cover
the entirety of the crack.

Figure 4.31: 3-D Stop-Drilling CCS Assembly (left) and applied loads and
boundary conditions (right)

The model mesh is shown in Figure 4.32. A mesh fine enough to yield high quality
three-dimensional elements and accurate results is produced.

Figure 4.32: 3-D Stop-Drilling CCS Mesh - Iso. (left), and Front (right)
views

74

4.4.2

Bolted Patch

Three-Dimensional Models

Bolted patches are modeled in the CCS model with beam connections and multi-point
constraints (MPCs). A beam connection is used to model the shank/body of the bolt
and the MPCs are used to connect the beam ends to the specimen (as would the bolt
head or washers). The beam connection is rigid and models a stiff bolt connector.
MPCs allow for the constrain of the motion of the slave nodes of a region to the
motion of a single point. Figure 4.33 shows the partitions created to model the beam
elements and MPCs. The rectangular partition takes the outline of the patch to
be bolted on. Circular partitions are created around the bolt holes where the bolt
head/nuts will lie.
For one patch, the beam’s first point is placed at the patch’s mid-surface hole
center and the second point is placed at the specimen’s hole center on the opposite
side face. For two patches on the crack, the beam’s second point is placed at the
opposite patch’s mid-surface hole center. The MPCs are created between the beam
ends and their corresponding circular bolt head/nut partitions. The master points
are the beam ends and the slave nodes are in the bolt head/nuts surface.
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Figure 4.33: 3-D Bolted Patching CCS partitions

Figure 4.34 demonstrates the model assembly alongside the applied loads and
boundary conditions of the CCS with bolted patches.

Figure 4.34: 3-D Bolted Patching CCS Assembly (left) and applied loads
and boundary conditions (right)

The CCS mesh remains the same as introduced previously, excluding a mesh
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modification done for the bolt head/nut regions. The model mesh is shown in Figure
4.36. Additionally, a mesh of the patch is shown in Figure 4.36. A mesh fine enough
to produce high quality three-dimensional elements and accurate results is produced
on both the CCS and the patch.

Figure 4.35: 3-D Bolted Patching CCS Specimen Mesh - Iso. (top left),
Front (top right), and Close up (bottom) views

Figure 4.36: 3-D Bolted Patching CCS Patch Mesh - Close up (left) and
whole (right) views
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4.4.3

Adhesive Patch

Three-Dimensional Models

Adhesive patches are modeled in the CCS model with the tie constraint. The tie
constraint ties the CCS and patch surfaces together so that there is no relative motion
between them. The CCS surface is selected as the master surface and the patch
surface is selected as the slave surface. Therefore, the CCS dictates the motion of
the patch. This fusion between the two surfaces simulates an ideal adhesive. Figure
4.37 demonstrates the model assembly alongside the applied loads and boundary
conditions of the CCS with adhesive patches.

Figure 4.37: 3-D Adhesive Patching CCS Assembly (left) and applied loads
and boundary conditions (right)

The model mesh is shown in Figure 4.38. The CCS mesh remains the same as
introduced previously. Additionally, a mesh of the patch is shown in Figure 4.39. A
mesh fine enough to produce high quality three-dimensional elements and accurate
results is produced on both the CCS and the patch.
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Figure 4.38: 3-D Adhesive Patching CCS Specimen Mesh - Iso. (top left),
Front (top right), x1 Close up (bottom left), and x2 Close up (bottom
right)

Figure 4.39: 3-D Adhesive Patching CCS Patch Mesh - Close up (left) and
whole (right) views

4.5

Results and Discussion

This section discusses the results for the control and crack arrester configurations of
the CCS and the CTS. Stress contour plots are briefly discussed for each specimen. All
contour plot stresses are in psi units. Two-dimensional models are examined for the
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control and stop-drilled configurations of the CCS and the CTS. Three-dimensional
models are examined for all configurations of the CCS and the CTS. An in-depth
analysis of the stresses and SIFs in the crack tip vicinity is also discussed. All crack
configurations are modeled with the conventional method and the XFEM fracture
modifications. This excludes stop-drilling, since this technique removes the crack
from the specimen. Therefore all stop-driliing models consist of a conventional finite
element approach without any fracture modifications. Moreover, the XFEM is not
compatible with two-dimensional planar models; therefore only three-dimensional
models are created with the XFEM. Additionally, the conventional method may be
referred to as the contour integral (CI) approach in this section.

4.5.1

Center Crack Specimen

Figure 4.40 shows Von Mises stress contour plots for the two-dimensional CCS configuration. On the left the control specimen is shown and on the right a stop drilling
configuration is shown. The ‘butter-fly’ stress lobes are visible on the crack tip contours for the control configuration. It is shown that stop-drilling decreases the stress
in the crack region by replacing the sharp crack with a blunted shape.

Figure 4.40: 2-D CCS control (left) crack and stop-drilling (right) contour
plots

Similarly, Figure 4.41 shows Von Mises stress contour plots for the three-dimensional
control and stop-drilling configurations. The upper contour plots correspond to the
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conventional and XFEM control configurations from left to right, respectively. The
bottom contour plot corresponds to the stop-drilling three-dimensional configuration.
The ‘butter-fly’ stress lobes are visible on the crack tip contours for the control configurations. It is shown that stop-drilling decreases the stress in the crack region by
replacing the sharp crack with a blunted shape.

Figure 4.41: 3-D CCS - conventional method control (top left), XFEM
control (top right), and stop-drilling (bottom) contour plots

Figure 4.42 shows Von Mises stress contour plots for the adhesive and bolted
patching configurations. The ‘butter-fly’ stress lobes are still visible on the crack tip
contours for all cracked configurations. Stresses are reduced for all crack arresters.
The stress reduction generated from the patches is produced by crack closing forces.
Adhesive patching imposes stronger crack closing forces since the patch’s mesh is
tied to the CCS; the adhesion patches act directly on the crack region and thus have
a greater effect. Bolted patches only constrain the CCS at the bolted regions and
hence do not provide forces directly over the crack. Nevertheless, it is shown that
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both patching crack arrester types aid in crack closure. Furthermore, for each crack
arrester type the implementation of two patches has a better improvement than one.
The addition of two crack arresters allows for the crack to experience crack closing
forces from each side of the CCS, and consequently aids in the decrease in stress.

Figure 4.42: 3-D CCS - adhesive and bolted patching contour plots

Figure 4.43 shows Von Mises stress contour plots for the adhesion and bolted
patches. The stress distribution on the patches are nearly symmetrical for the conventional method model and thus only the front side is shown. Patches modeled with
the XFEM varied through thickness and thus both sides are shown. Adhesive patches
82

contained high stresses at the center, which is the region adjacent to the crack on the
CCS. The high stresses correspond to crack closing force applied on the CCS. Moreover, the XFEM patches consisted of stress much larger than the patches modeled for
the conventional method. This variance can be attributed to the difference in crack
opening experienced by each patch, as seen in Figure 4.42. A more detailed discussion
on the crack opening differences will be discussed later in the stress analysis part of
this section. Bolted patches only constrain the CCS at the bolted regions and hence
that is where high stresses are observed. Additionally, since bolted patches are not
in direct contact with the crack, the patch does not have a great impact on the stress
field in the crack vicinity; therefore, the stress distribution observed in the bolted
patches are similar for the conventional and XFEM models.
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Figure 4.43: 3-D CCS - contour plots for adhesive and bolted patches

Stress Analysis

Stress analysis was performed on all configurations of the CCS, for cracks modeled with the conventional method. The effect of stop-drilling is observed for twodimensional models and all crack arrester systems are observed for three-dimensional
models. Stresses will be observed along two path directions: along the crack direction
and through the thickness of the specimen (perpendicular to the crack).
Figure 4.44 shows the stress paths ahead of the crack front for the two-dimensional
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models. It is shown that the control configuration has a high stress at the crack tip;
this corresponds to the singularity discussed in Chapter 2. The introduction of a hole
at the crack location reduces the stress concentration factor by increasing the crack
radius. Thus, a reduction in stress is observed at the location of the crack tip when
a hole replaces the crack through stop-drilling.

Figure 4.44: 2-D CCS - stress along crack front

Control, stop drilling, adhesive patching, double adhesive patching, bolted patching, and double bolted patching configurations are evaluated among each other at
three different elemental faces of the CCS. The faces where the stress are recorded
are the left, center, and right elemental faces of the CCS. Using the coordinate system established while modeling the CCS configuration: right is the side surface at
the far positive z − axis, left is the side surface at the far negative z − axis , and
center is the mid-surface of the CCS between the right and left surfaces. As discussed earlier, patches were applied to the CCS by methods of adhesion and bolting.
A single and double patch case was created for each application type. The single
patch configurations consist of a patch at the right side of the CCS and the double
patch configurations consist of a patch at both the right and left sides of the CCS.
Similar to Figure 4.44, Figure 4.45 plots the stresses ahead of the crack front for the
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three-dimensional models. Here, the 0 in. position lies at the right face and in-depth
progression is made toward the left face. The first, second, and third rows show
full-scale and close up stress plots of the left, center, and right faces, respectively.

Figure 4.45: 3-D CCS - stress along crack front on the left, middle, and
right face
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Generally, stop-drilling decreased the stress at the crack tip. As seen with Figure
4.44, this is an effect of reducing the stress concentration factor by increasing the
crack radius. Naturally, a high stress remained at the crack tip for the other crack
arrester configurations since the crack is still present. Nevertheless, a reduction in
the stress along the crack front and forward of the crack tip is observed for all crack
arrester configurations.
On the left side patches were applied for only the implementation of two patches
for each crack arrester type. Hence, only the double adhesive patching and the double
bolted patching configurations exhibited stresses lower than the control configuration.
Additionally, double adhesive patching exhibited the greatest reduction in stress along
the crack front. Adhesive patching exhibits greater stress reduction than bolted
patching due to its interaction with the crack. Adhesive patching gets modeled with
an ‘ideal adhesive’, which allows the patch to carry the load in the form of compressive
forces on the crack. Thus, a large reduction in stress is present along the crack
front for adhesive patching. Bolted patching also introduces strength to the CCS by
counteracting forces, however, this is done near the bolted regions and not at the
crack location. Thus, bolted patching introduces a reduction in stress, however, it
is minor in comparison to adhesive patching because they do not provide a direct
interaction with the CCS at the crack location. The stop-drilling approach provides
no stress relief ahead of the crack. Although the stress at the crack tip is greatly
reduced, no other form of stress reinforcement is present to reduce the stresses ahead
of the region where stop-drilling took place.
The center elemental surface exhibited similar stress behavior to that of the left
side. However, unlike the left side, at the center there is an effect of the implementation of one patch for each crack arrester type. This is due to the fact that the center
surface is at a closer proximity to the right side, where the implementation of single
patches is made for each crack arrester type. Similar to the single patch implemen87

tation of each crack arrester type, the double adhesive patching configuration has a
larger stress reduction along the crack front than the double bolted patching configuration. Additionally, the double patch implementation of each crack arrester type
had a greater stress reduction than the single patch implementation of each crack
arrester type. Also, the stop-drilling approach provides no stress relief ahead of the
crack.
The right side exhibited the same stress behavior as the center side, aside from one
distinction. At the center elemental side, the double patch implementation of each
crack arrester type had a greater stress reduction than the single patch implementation of each crack arrester type. On the right side the opposite is observed; the single
patch implementation of each crack arrester type had a greater stress reduction than
the single patch implementation of each crack arrester type. This can be attributed
to the distribution of stress in the patches. Having two patches on the CCS evenly
distributes the effect of the patches to the right and left sides. Conversely, having
one patch concentrates the effect of the patches to the right side.
Through-thickness stress analysis at the crack tip and at three nodes away from
the crack tip (Step-3) is shown in Figures 4.46 and 4.47, respectively. The stresses
are plotted from 0 in., the left elemental side, to 1 in., the right elemental side. The
through-thickness stress data at the crack tip contains noise near the left and right
sides of the CCS. The noise is reduced away from the crack tip; thus, stress analysis
is performed at three nodes away from the crack tip where stress noise at the sides is
reduced and the stress behavior at the crack tip is still captured.
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Figure 4.46: 3-D CCS - Through-thickness stress at the crack tip

Figure 4.47: 3-D CCS - Through-thickness stress at three nodes away from
the crack tip

Figure 4.47 shows that adhesive patching produces a greater stress reduction at
the crack tip than bolted patching. Naturally, double patching configurations provide
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a symmetric through-thickness reduction; single patching configurations provides a
large stress reduction at the application side and no stress reduction at the opposite
side. Similar behavior is observed with bolted single and double patching configurations. However, the stress relief is minor in comparison to the adhesive patching
configurations; Figure 4.48 shows a close-up plot of the in-depth stress analysis that
highlights the bolted crack arrester type. Additionally, stop-drilling is shown to provide the greatest stress relief at the crack tip location since replacing a crack with the
crack removes the singularity associated with the crack.

Figure 4.48: 3-D CCS - Through-thickness stress at three nodes away from
the crack tip

Stress Intensity Factors

SIFs for the CCS were plotted in Figure 4.49. An examination is made of the effect of
each crack arrester configuration on the SIF values through the specimen’s thickness.
Additionally, the SIFs are compared between the XFEM and the conventional method
in an attempt to add an additional level of validation to the results.
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The crack arresters had similar effects on the SIFs as they did on the stress. In
general, the double patch configuration for each crack arrester type reduced the SIF
through the entirety of the CCS thickness; like the stress reduction, the double patch
configuration for each crack arrester had an effect which was symmetric through the
mid-surface of the CCS. The single patch configuration for each crack arrester type
reduced the SIF through the entirety of the CCS as well. However, the effect was
not symmetric through the mid-surface; instead the maximum reduction occurs at
the side where the patch is applied and progressively decreases to no SIF reduction
at the opposite side.

√
Figure 4.49: 3-D CCS - SIF through thickness [psi in.]

In general, the adhesive patching crack arrester type exhibited greater SIF reductions through the CCS thickness than the bolted patching crack arrester type. The
bolted patching crack arrester type reduced the SIF below the control configuration
as seen in the close-up in Figure 4.50. Ultimately all crack arrester configurations
provided SIF improvements, albeit in different quantities.
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Peaks were observed at the CCS sides for the adhesive patching crack arrester type
with the XFEM. This can be attributed to the displacements observed in Figure 4.42,
where the XFEM crack experiences crack opening at the faces and the conventional
method keeps the crack closed at the faces. The displacements experienced and the
accompanying stresses are a product of the tie constraint that connects the patches
and specimen. The tie constraint contains a set of slave nodes that follow the displacement of the master set of nodes; this affects the surrounding displacements of the
adhesion region, and thus affects the SIF. Referencing Equation 2.1, it is shown that
this crack behavior at the faces influences the SIF values. Figure 4.43 depicts the effect that the adhesive patches have on the CCS with the XFEM and the conventional
method modeling techniques. The patches modeled with the conventional method
experienced higher stresses at the patch face adjacent to the crack than did the patch
modeled with the XFEM. Therefore, SIF peaks at the sides for adhesion type crack
arresters can be attributed to the difference in numerical methods in modeling the
crack.
Generally the XFEM produced higher SIF values at the sides of the CCS than
the conventional method. This can be observed for the bolted patching crack arrester
type in Figure 4.50. However, through the thickness both the convectional method
and XFEM produced SIF results at most 5% within each other. Figures 4.51 and
4.52 show the SIF results through the CCS thickness with error bars generated by
excel. The error bars show a percentage error from the conventional method; Figure
4.51 consists of 5% error bars and Figure 4.52 consists of 0.75% error bars.
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√
Figure 4.50: 3-D CCS - SIF through thickness close up [psi in.]

Figure 4.51: 3-D CCS - SIF through thickness with percent error bars
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Figure 4.52: 3-D CCS - SIF through thickness close up with percent error
bars

4.5.2

Compact Tension Specimen

Figure 4.53 shows Von Mises stress contour plots for the two-dimensional CTS configuration. On the left the control specimen is shown and on the right a stopped
drilling configuration is shown. The ‘butter-fly’ stress lobes are visible on the crack
tip contours for the control configuration. It is shown that stop-drilling decreases the
stress in the crack region by replacing the sharp crack with a blunted shape.

Figure 4.53: 2-D CTS - control contour integral crack (left) and stopdrilling (right) contour plots
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Similarly, Figure 4.54 shows Von Mises stress contour plots for three-dimensional
control and stop-drilling configurations. The upper contour plots correspond to the
conventional and XFEM control configurations from left to right, respectively. The
bottom contour plot corresponds to the stop-drilling three-dimensional configuration.
The ‘butter-fly’ stress lobes are visible on the crack tip contours for the cracked
configurations. It is shown that stop-drilling decreases the stress in the crack region
by replacing the sharp crack with a blunted shape.

Figure 4.54: 3-D CTS - conventional method control (top left), XFEM
control (top right), and stop-drilling (bottom) contour plots

Figure 4.55 shows Von Mises stress contour plots for the adhesive and bolted
patching configurations; the plots correspond to results modeled with the conventional method. The ‘butter-fly’ stress lobes are still visible on the crack tip contours
for all cracked configurations. Stresses are reduced for all crack arresters. This is
especially evident through the specimen thickness; this is not the case at the sides
and midsurface of the CTS, which will be discussed later in further detail. Like in the
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CCS, the stress reduction generated from the patches is produced by crack closing
forces. Adhesive patching imposes stronger crack closing forces since the patch’s mesh
is tied to the CTS. Bolted patches only constrain the CTS at the bolted regions and
hence do not provide forces directly over the crack. Nevertheless, it is shown that
both patching crack arrester types aid in crack closure. Furthermore, for each crack
arrester type the implementation of two patches has a better improvement than one.

Figure 4.55: 3-D CTS - adhesive and bolted patching left, center, and
right view contour plots modeled by the conventional method

Figure 4.56 shows Von Mises stress contour plots for the adhesive and bolted
patches modeled by the conventional method. Similar to the CCS, adhesive patches
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contained high stresses at the region adjacent to the crack. Bolted patches only
constrain the CTS at the bolted regions and hence that is where high stresses are
observed.

Figure 4.56: 3-D CTS - contour plots for adhesive and bolted patches
modeled by conventional method

Figure 4.57 shows Von Mises stress contour plots for the adhesive and bolted
patching configurations; the plots correspond to results modeled with the XFEM.
‘Butter-fly’ stress lobes are visible on the crack tip contours for all cracked configurations; however, the shape has a more slanted form and differs in the stress distribution seen in Figure 4.55. A more detailed discussion on the stress differences will
be discussed later in the stress analysis part of this section. Nevertheless, stresses
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are reduced for all crack arresters. Similar to the CTS modeled by the conventional
method, adhesive patching imposes stronger crack closing forces since the patch’s
mesh is tied to the CTS. Bolted patches only constrain the CTS at the bolted regions
and hence do not provide forces directly over the crack. It is shown that both patching crack arrester types aid in the crack closure. In general for each crack arrester
type the implementation of two patches has a better improvement than one.

Figure 4.57: 3-D CTS - adhesive and bolted patching left, center, and
right view contour plots modeled by the XFEM

Figure 4.58 shows Von Mises stress contour plots for the adhesive and bolted
patches modeled by the XFEM. Similar to the CTS modeled by the conventional
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method, adhesive patches contained high stresses at the region adjacent to the crack.
Bolted patches only constrain the CTS at the bolted regions and hence that is where
high stresses are observed.

Figure 4.58: 3-D CTS - contour plots for adhesive and bolted patches
modeled by the XFEM

Stress Analysis

Stress analysis was performed for all configurations of the CTS, for cracks modeled with the conventional method. The effect of stop-drilling is observed for twodimensional models and all crack arrester systems are observed for three-dimensional
models. Stresses will be observed along two path directions: along the crack direction
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and through the thickness of the specimen (perpendicular to the crack).
Figure 4.59 shows the stress paths ahead of the crack front for the two-dimensional
models. It is shown that the control configuration has a high stress at the crack tip;
this corresponds to the singularity discussed in Chapter 2. The introduction of a hole
at the crack location reduces the stress concentration factor by increasing the crack
radius. Thus, a reduction in stress is observed at the location of the crack tip when
a hole replaces the crack through stop-drilling.

Figure 4.59: 2-D CTS - stress along crack front

Control, stop drilling, adhesive patching, double adhesive patching, bolted patching, and double bolted patching configurations are evaluated among each other at
three different elemental faces of the CTS. The faces where the stress are recorded
are the left, center, and right elemental faces of the CTS. Using the coordinate system established while modeling the CTS configuration: right is the side surface at
the far positive z − axis, left is the side surface at the far negative z − axis, and
center is the mid-surface of the CTS between the right and left surfaces. As discussed
earlier, patches were applied to the CTS by methods of adhesion and bolting. A
single and double patch case was created for each application type. The single patch
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configurations consist of a patch at the right side of the CTS and the double patch
configurations consist of a patch at both the right and left sides of the CTS. Similar
to Figure 4.59, Figure 4.60 plots the stresses ahead of the crack front for the threedimensional models. The first, second, and third rows show full-scale and close up
stress plots of the left, center, and right faces, respectively. Here, the 0 in position lies
at the right face and in-depth progression is made toward the left face. Additionally,
Figure 4.61 shows a closer look at the plots in Figure 4.60 to better observe the stress
behavior.
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Figure 4.60: 3-D CTS - stress along crack front on the left, middle, and
right face
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Figure 4.61: 3-D CTS - stress along crack front on the left, middle, and
right face (close up)

Generally, stop-drilling decreased the stress at the crack tip. As seen with Figure
4.59, this is an effect of reducing the stress concentration factor by increasing the
crack radius. Naturally, a high stress remained at the crack tip for the other crack
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arrester configurations since the crack is still present. Nevertheless, a reduction in
the stress along the crack front and forward of the crack tip is observed for all crack
arrester configurations.
On the left side, patches were applied for only the implementation of two patches
for each crack arrester type. Hence, only the double adhesive patching and the double
bolted patching configurations are expected to exhibit stresses lower than the control
CTS. Double adhesive patching exhibits the greatest stress reduction; however, unlike
the CCS, only double adhesive patching exhibited this stress decrease. Bolted double patching did not exhibit stress reduction. Similar to the CCS, the stop-drilling
approach provided no stress relief ahead of the crack.
The center elemental surface exhibited similar stress behavior to that of the center
CCS surface. At the center elemental side there is an effect of the implementation of
single patches for each crack arrester type. The CTS experienced stress reduction from
bolted double patching and the adhesive single patching, but not from adhesive double
patching. The behavior of the outlying data of the adhesion patch can be attributed
to poor elemental conditions along this path that fails to capture the correct behavior
observed throughout the rest of the model. A more detailed examination of this will
be made later in this section. Additionally, the bolted double patching configuration
had a greater stress reduction than the bolted single patching configuration. Also,
the stop-drilling approach provided no stress relief ahead of the crack.
The right side exhibited the same stress behavior as the left side, aside from one
distinction. At the left elemental side, the adhesive single patch was at a distance far
enough to produce no stress reduction. On the right side the opposite is observed.
The adhesive single patch had stress reducing effects; additionally, it had greater
stress reduction effects than the double patch configuration. This can be attributed
to the distribution of stress in the patches. Having two patches on the CTS evenly
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distributes the effect of the patches to the right and left sides. Conversely, having one
patch concentrates the effect of the patches to the right side. However, like on the left
side, both single and double bolted configurations did not add any stress reduction.
It is worth noting that the bolted patching crack arrester type did not add any
stress reduction to the CTS along the left and right faces. This, however, does not
mean that the bolted patch crack arrester type did not have any influence on the CTS.
The CTS required the introduction of Figure 4.61 for a zoomed in look at the stress
plots. The stress between the different CTS configurations did not vary greatly. The
absence of stress reduction from the bolted crack arrester type and the minimal stress
variance among the CTS configurations can be attributed the CTS and the modeling
technique. The CTS differs from the CCS since it is not geometrically symmetric
in all planes and it consists of point loads, which induce different stress components
within the CTS. Although, the end faces demonstrated similar stresses for both the
control configuration and and configurations with crack arresters, all crack arresters
had significant stress benefits through the thickness of the CTS.
Through-thickness stress analysis at the crack tip and at three nodes (Step-3)
away from the crack tip is shown in Figures 4.62 and 4.63, respectively. The stresses
are plotted from 0 in., the left elemental side direction, to 1 in., the right elemental
side direction. The through-thickness stress data at the crack tip contains noise near
the left and right sides of the CTS. The noise is reduced away from the crack tip.
Additionally, the outlying center face stress observed in Figure 4.60 can be seen in
Figure 4.62. This anomaly at the center of the CTS can be considered a combination
of noise and poor elemental formulation near the pertaining regions. Stress analysis
is performed at three nodes away from the crack tip where stress noise at the sides
and center is reduced while the stress behavior at the crack tip is still captured.
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Figure 4.62: 3-D CTS - Through-thickness stress at the crack tip

Figure 4.63 shows that adhesive patching produces a greater stress reduction at
the crack tip than bolted patching. Naturally, double patching configurations provide
a symmetric through-thickness reduction; single patching configurations provides a
large stress reduction at the application side and no stress reduction at the opposite
side. Similar behavior is observed with bolted single and double patching configurations. The double patching configuration for each crack arrester reduced the stress by
similar amounts. Likewise, the single patching configuration for each crack arrester
reduced the stress by similar amounts. The main difference between the bolted and
adhesive crack arrester types is that the bolted patching crack arrester type reduced
the stress through more of the thickness, whereas the adhesive patching crack arrester
type reduced it for a lesser amount of thickness (concentrated at the center). Figure
4.64 shows a close-up plot of the in-depth stress analysis for a better look at the
clumped region. Additionally, stop-drilling is shown to provide the greatest stress
relief at the crack tip location since replacing a crack with the crack removes the
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singularity associated with the crack.

Figure 4.63: 3-D CTS - Through-thickness stress at three nodes away from
the crack tip

Figure 4.64: 3-D CTS - Through-thickness stress at three nodes away from
the crack tip (close up)
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Stress Intensity Factors

SIFs obtained by the conventional method and the XFEM were plotted in Figures
4.65 and 4.66, respectively. An examination is made of the effect of each crack arrester
configuration on the SIF values through the specimen’s thickness.The CTS has a uniqe
geometry that experiences multiple stress components when loaded; point loads at the
holes induce different stress components along the crack front. The CTS modeled also
contains a thickness which is large in reference to its other dimensions; as discussed
in Chapter 2, thickness has an effect on SIF results. Additionally, for experimental
purposes at an early stage of this thesis meshes were sized differently; as discussed
in Chapter 2 this has a significant effect on SIF results. The complexity of the CTS
modeled, alongside the difference in numerical methods, demonstrated differences in
results for the conventional method and the XFEM. Hence, the CTS SIF results are
utilized to observe the effect of the crack arresters rather than to obtain comparable
data between both approaches.
In general, for both the XFEM and conventional method, the double patch configuration for each crack arrester type reduced the SIF through the entirety of the
CTS thickness; like the stress reduction, the double patch configuration for each crack
arrester had an effect which was symmetric through the mid-surface of the CTS. The
single patch configuration for each crack arrester type reduced the SIF through the
entirety of the CTS as well. However, the effect was not symmetric through the midsurface; instead the maximum reduction occurs at the side where the patch is applied
and progressively decreases to no SIF reduction at the opposite side.
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Figure 4.65: 3-D CTS -√SIF through thickness modeled with the conventional method (CI) [psi in.]

Figure
√ 4.66: 3-D CTS - SIF through thickness modeled with the XFEM
[psi in.]

With the conventional method the adhesive crack arrester type exhibited greater
SIF reductions through the CTS thickness than the bolted crack arrester type. The
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bolted crack arrester type also reduced the SIF below the control configuration, although not as much as the adhesive crack arrester type. With the XFEM, the CTS
exhibited slightly greater SIF reductions through its thickness for the adhesive crack
arrester type than for the bolted crack arrester type. Ultimately all crack arrester
configurations, using both the conventional method and the XFEM, provided SIF
reductions, albeit in different quantities.
Moreover, peaks were observed at the CTS sides for the adhesive patch crack arrester type with both the conventional method and the XFEM. This can be attributed
to the displacements observed in Figures 4.55 and 4.57 for the conventional method
and XFEM, respectively; both the cracks experience crack opening at the faces. Additionally, the CTS’s geometry may also have an influence on the SIF results. The
displacements experienced and the accompanying stresses are a product of the tie
constraint that connects the patches and specimen. The tie constraint contains a set
of slave nodes that follow the displacement of the master set of nodes; this affects
the surrounding displacements of the adhesion region, and thus affects the SIF. Referencing Equation 2.1, it is shown that this crack behavior at the faces influences
the SIF values. Figures 4.56 and 4.58 depict the effect that the adhesive and bolted
patches on the CTS with the conventional method and XFEM modeling techniques,
respectively.
The conventional method and the XFEM experienced similar SIF trends, however,
a distinction appeared in the difference between the adhesive and bolted crack arrester
types. The conventional method exhibited a great SIF reduction of the adhesive crack
arrester type over the bolted crack arrester type. Conversely, the XFEM exhibited
a slight SIF reduction advantage of the adhesive crack arrester type over the bolted
crack arrester type. Overall these differences can be attributed to the CTS’s geometry
and the difference in numerical methods used in modeling fracture.
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Chapter 5
CONCLUSION

This thesis investigates the feasibility and usability of the finite element method approach in the design of crack arresting devices. Common fracture problems were
solved for the SIF using weight functions and empirical formulas. Finite element
models produced SIF results with minimal error in comparison to the analytic and
empirical results. An existing experiment was also modeled in an attempt to provide
experimental validation of the finite element models in this thesis. The finite element
models produced SIF results with minimal error in comparison to the experimental
results. The analytic, empirical, and experimental substantiation for the finite element establishes that it is a reliable numerical method that can be an efficient tool
in determining fracture parameters. Moreover, the substantiation provided provides
validation for the modeling techniques used in this thesis to create CCS and CTS
models with crack arresters.
Two-dimensional, planar and three-dimensional, solid finite element models were
created for the CCS and the CTS. Crack arresters implemented consisted of: adhesive patching (single and double patches) and bolted patching (single and double
patches). Additionally, stop-drilling was implemented to observe the effects of the
stress concentration factor. Two-dimensional models were modeled with the conventional method; three-dimensional models were modeled with both the conventional
method and the XFEM. SIFs and stresses were compared among all configurations to
evaluate the effectiveness of each crack arrester. Additionally, the results produced
with the conventional method and with the XFEM were compared among each other
to investigate the difference in results between them. Results did not vary greatly
between both methods; however, anomalies were observed at the sides of the speci111

men. This suggests to practice caution when using these methods and to understand
which method is best suited for solving specific problems.
Generally, adhesive crack arresters provided higher stress and SIF reductions than
bolted crack arresters. The application of adhesive crack arresters proved to have a
higher impact on structure stress and SIF reductions since they directly interact
with the crack; whereas, bolted crack arresters provide support outside of the crack
region. It is worth noting that the bolts can be placed closer to the crack in an
attempt to have a higher stress and SIF reductions. Moreover, the double patch
configuration for each crack arrester type reduced the SIF through the entirety of
the specimen thickness. The double patch configuration for each crack arrester had
an effect which was symmetric through the mid-surface of the specimen. The single
patch configuration for each crack arrester type reduced the SIF through the entirety
of the specimen as well. However, the effect was not symmetric through the midsurface; instead the maximum reduction occurs at the side where the patch is applied
and progressively decreases to no SIF reduction at the opposite side. Stop-drilling
was shown to reduce stresses at the location of the crack tip when a hole replaces
the crack. This incorporates the concept of the stress concentration factor and how
increasing a sharp crack radius from 0 (sharp crack) decreases the stress concentration
factor.
The finite element method proves to be a feasible approach in the design of crack
arresters. Reliable results can be expected with the use of the finite element method
when used with caution and good modeling practices.

5.1

Future Work

Future work in this area consists of: the development of more accurate models, the
investigation of more crack arresters, and the analysis of more complex problems. The
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modeling techniques used in this thesis are efficient and reasonable; however, more
accurate modeling techniques are required to fully capture fracture behavior and crack
arresters’ effectiveness. Such modeling advancements can consist of modeling adhesive
material and modeling full, solid bolts. The introduction of more types of crack
arresters can be investigated to get a better understanding of how to model different
types of crack arrester systems. Studies on varying crack arresters can establish a
good basis of practices to use when modeling fracture with the finite element method.
This thesis focused on brittle fracture with LEFM technology. Work with EPFM can
provide understanding on modeling fracture with plasticity and on the relationships
of ductile fracture and crack arresters. Additionally, experimental work can be added
to any work to allow for an additional layer of validation. Overcoming barriers that
complicate and/or prohibit experimental fracture can help in developing important
data.
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APPENDICES

Appendix A
CCS - EMPIRICAL, WEIGHT FUNCTION, FEA EXAMPLE CALCULATIONS
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Figure A.1: CCS Dimensions

Figure A.2: CCS Crack Dimensions
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Figure A.3: CCS Loading and Boundary Conditions

Figure A.4: CCS Mesh
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Figure A.5: CCS Mesh Close Up

Figure A.6: CCS Contour Plot
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Figure A.7: CCS Contour Plot Close Up
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